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A NOTE ON LAGRANGIAN SUBMANIFOLDS OF TWISTOR
SPACES AND THEIR RELATION TO SUPERMINIMAL
SURFACES
REINIER STORM
Abstract. In this paper a bijective correspondence between superminimal
surfaces of an oriented Riemannian 4-manifold and particular Lagrangian sub-
manifolds of the twistor space over the 4-manifold is proven. More explic-
itly, for every superminimal surface a submanifold of the twistor space is con-
structed which is Lagrangian for all the natural almost Hermitian structures
on the twistor space. The twistor fibration restricted to the constructed La-
grangian gives a circle bundle over the superminimal surface. Conversely, if
a submanifold of the twistor space is Lagrangian for all the natural almost
Hermitian structures, then the Lagrangian projects to a superminimal surface
and is is contained in the Lagrangian constructed from this surface. In partic-
ular this produces many Lagrangian submanifolds of the twistor spaces CP 3
and F1,2(C3) with respect to both the Ka¨hler structure as well as the nearly
Ka¨hler structure.
1. Introduction
The twistor space of an oriented Riemannian 4-manifold is inspired by Penrose’s
twistor program and introduced in [2], where the authors use it to classify self-
dual solutions of the Yang-Mills equations on S4. Since then many other spaces
which also go by the name of twistor spaces have been constructed; see for example
[19, 1, 6, 3, 18]. These twistor spaces have, among other things, been used to study
all kinds of harmonic maps and relate these to holomorphic maps; see [9, 10, 20]. A
particular case of this are superminimal surfaces in 4-manifolds. These are minimal
submanifolds and thus yield a harmonic map. These types of surfaces had been
extensively studied from different points of view; see [4, 11, 14, 15]. Bryant proved
in [5] that every compact Riemann surface admits a superminimal immersion into
S4 using the twistor fibration CP 3 → S4. Since then many studies have been
made of minimal surfaces from this twistor bundle point of view; see for example
[12, 8, 16, 13]. There are not many results about Lagrangian submanifolds of these
twistor spaces. In [7] Lagrangian submanifolds of the Ka¨hler CP 3 are constructed,
which contain the ones constructed in this paper.
1.1. Results. In [21] all totally geodesic and all homogeneous Lagrangian sub-
manifolds of the nearly Ka¨hler manifold F1,2(C3) are classified. The flag manifold
F1,2(C3) is the twistor space of CP 2. This paper started out as a continuation
of the study of Lagrangian submanifolds in F1,2(C3). The relation found between
superminimal surfaces of CP 2 and Lagrangian submanifold of F1,2(C3) turns out to
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2 REINIER STORM
apply for any twistor space Z(M4) of an oriented Riemannian 4-manifold. For this
we have to define almost Hermitian structures on the twistor space. The twistor
spaces come equipped with two natural almost complex structures, which we denote
by J±; see (2.2) below. In (2.3) we pick a natural family of metrics gλ on Z(M4)
making (Z(M4), gλ, J
±) an almost Hermitian space. We will prove the following
theorem in Section 4.
Theorem A. For a superminimal surface Σ ⊂ M4 there exists a submanifold
LΣ ⊂ Z(M4) which is a Lagrangian submanifold for all the almost Hermitian
structures (gλ, J
±). This Lagrangian LΣ projects under the twistor fibration to
Σ and the restriction of the twistor fibration to LΣ determines a circle bundle over
Σ. Conversely, given a submanifold L ⊂ Z(M4) of the twistor space which is
Lagrangian with respect to all the almost Hermitian structures (gλ, J
±), then the
twistor fibration projects L to a surface Σ which is superminimal and L is contained
in LΣ.
From the classification of totally geodesic Lagrangian submanifolds of F1,2(C3)
in [21] it follows that each of these is congruent under the symmetry group of the
nearly Ka¨hler structure of F1,2(C3) to one which projects to a superminimal surface.
With the correspondence of Theorem A we obtain infinitely many new examples
of Lagrangian submanifolds of both the Ka¨hler and nearly Ka¨hler structures on
F1,2(C3) and CP 3 by relating them to superminimal surfaces.
2. Twistor space
In this section we give a short introduction to the twistor fibration over a 4-
manifold. Let (M4, g) be an oriented Riemannian 4-manifold. For a given complex
structure J ∈ End(TxM) which is compatible with the metric, i.e. J ∈ O(TxM) let
ωJ(−,−) = g(J−,−) ∈ Λ2T ∗xM . The complex structure J is said to be compatible
with the orientation if ωJ ∧ ωJ equals the orientation of M4, which is denoted as
ωJ ∧ ωJ  0.
Definition 2.1. The twistor bundle pi : Z(M4) → M4 of an oriented Riemann-
ian manifold (M4, g) is the bundle whose fiber over a point x ∈ M4 consists of
all complex structures on the vector space TxM
4 which are compatible with the
Riemannian metric and the orientation, i.e.
pi−1(x) = {J ∈ End(TxM4) : J2 = −1, J∗g = g and ωJ ∧ ωJ  0}.
The fiber is isomorphic to SO(4)/U(2) ∼= CP 1.
Alternatively, the twistor bundle can be defined as the associated bundle of the
principal SO(4)-frame bundle FSO(M4) by
Z(M4) ∼= FSO(M4)×SO(4) SO(4)/U(2). (2.1)
Here SO(4)/U(2) is identified with all complex structures J on R4 such that J ∈
SO(4) and ωJ ∧ ωJ  0. Elements of Z(M4) are equivalence classes [u, J ], where
u : R4 → TxM is a frame and J is a complex structure on R4. The equivalence
relation is given by [u ·g−1, J ] ∼ [u, g ·J ] for g ∈ SO(4). The Levi-Civita connection
on M4 induces a horizontal subbundle ThZ(M4) which is complementary to the
vertical subbundle T vZ(M4) of the tangent space of Z(M4), i.e.
TZ(M4) = T vZ(M4)⊕ ThZ(M4).
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The derivative of pi restricted to ThZ(M4) yields an isomorphism between ThI Z(M
4)
and Tpi(I)M for all I ∈ Z(M4). Two natural almost complex structures on Z(M4)
are defined by
J±I = ±JCP 1 + I ∈ End(TIZ(M4)), (2.2)
where JCP 1 is the natural complex structure on the fiber CP 1 and I ∈ Z(M4)
is a complex structure on the vector space Tpi(I)M
4 ∼= ThI Z(M4). In [2] it is
shown that J+ is integrable if and only if (M4, g) is anti-self-dual, which is an
essential ingredient for the classification of instantons of S4 in [2]. Moreover, J+ is
conformally invariant; see [2]. The almost complex structure J− is never integrable;
see [20].
Throughout this work we want to consider Z(M4) as an almost Hermitian man-
ifold. Thus we have to choose a metric on Z(M4). Let
gλ = λgCP 1 ⊕ pi∗g, (2.3)
where gCP 1 denotes the round metric on the unit 2-sphere and λ > 0. The results
here do not depend on the particular value of λ. Some obvious properties of gλ
are that (Z(M4), gλ, J
±) is an almost Hermitian manifold and the fibers pi−1(x) ⊂
Z(M4) are totally geodesic submanifolds. Let ω± be the Ka¨hler forms of these
almost Hermitian structures, i.e.
ω±(X,Y ) = gλ(J±(X), Y ). (2.4)
It is well known that for the twistor bundles CP 3 → S4 and F1,2(C3) → CP 2 the
almost complex structures J+ and J− together with gλ for particular values of λ
yield the natural Ka¨hler and nearly Ka¨hler structure, respectively.
3. superminimal surfaces
Let Σ be an oriented 2-dimensional surface in a 4-dimensional oriented Riemann-
ian manifold (M4, g). Let NΣ ⊂ TM4 be the normal bundle of TΣ. Let J0 be the
complex structure on TM4|Σ defined by a rotation by pi2 in TxΣ and a rotation by
pi
2 in NxΣ. This determines a lift F0 : Σ→ Z(M4) of the inclusion i : Σ→M4:
Z(M4)
pi

Σ
i
//
F0
<<
M4
with pi ◦ F0 = i.
Remark 3.1. For an oriented surface Σ ⊂ M4 there is a natural U(2)-reduction
of the restricted frame bundle FSO|Σ. Whenever we mention the group U(2) below
we are referring to this U(2)-reduction given by the complex structure F0 along Σ.
Fix an oriented orthonormal local frame u = (e1, e2, e3, e4) of TM
4 such that
(e1, e2) is an oriented basis of TΣ. The complex structure J0 is given by J0(e1) = e2
and J0(e3) = e4. In the identification of Z(M
4) with the associated bundle as in
(2.1) the lift F0 : Σ→ Z(M4) is locally given by
F0(x) = [u(x), J0], (3.1)
where we make some slight abuse of notation by denoting the complex structure
on R4 corresponding to J0 by the frame u also by J0.
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Definition 3.2. An oriented surface Σ ⊂M4 is superminimal if the vertical com-
ponent (dF0)
v of dF0 vanishes.
Remark 3.3. It is easy to see that a superminimal surface is in particular minimal.
An oriented minimal surface Σ ⊂ M4 is superminimal if in addition F0 : Σ →
(Z(M4), J+) is holomorphic with respect to the complex structure of Σ induced
from the conformal structure; see [12].
The following lemma is quite trivial, but nevertheless it is a useful equivalent
condition for superminimal surfaces.
Lemma 3.4. For an oriented surface Σ ⊂M4 the following are equivalent
(i) the surface Σ is superminimal,
(ii) the complex structure F0 on TM |Σ is parallel, i.e. Hol(∇|Σ) ⊂ U(2), where
U(2) is defined with respect to F0.
Proof. Let γ : I → Σ be a curve. We will use the description of Z(M4) as associated
bundle F ×SO(4) SO(4)/U(2). Thus the local formula (3.1) gives
(dγ′(t)F0)
v =
(
d
dt
[u(γ(t)), J0]
)v
=
(
d
dt
[uh(γ(t)) · g(t), J0]
)v
=
(
d
dt
[uh(γ(t)), g(t)J0]
)v
=
d
dt
g(t)J0,
where uh(γ(t)) is a horizontal lift of γ and g(t) ∈ SO(4) is the parallel trans-
lation along γ with respect to ∇|Σ. In the last equality we identified the fiber
pi−1(γ(t)) with the space of complex structures on R4 via uh(γ(t)). This implies
that g(t) ∈ stab(J0) ∼= U(2) ⊂ SO(4) if and only if (dγ′(t)F0)v = 0. Consequently,
the holonomy of the ∇|Σ is contained in U(2) if and only if Σ is superminimal. 
There are a couple of interesting other equivalent formulations of superminimal
surfaces. For example a surface Σ ⊂ M4 is superminimal if and only if the indi-
catrix, also known as the curvature ellipse, of Σ is a circle centered at zero. Or
alternatively, Σ is superminimal if and only if it is negatively oriented-isoclinic.
This was proven in [15] for M = R4 and the general case is proven in [12]. These
two properties of surfaces in a 4-manifold have been studied long before. The
equivalence of these other characterizations to Definition 3.2 is proven in [12].
4. A correspondence between Lagrangians and superminimal surfaces
Let Σ ⊂M4 be a superminimal surface. Below we will construct a submanifold
LΣ ⊂ Z(M4), which is Lagrangian with respect to all of the almost Hermitian
structures (Z(M4), gλ, J
±). The restriction of the twistor fibration pi|LΣ : LΣ → Σ
will be a circle bundle and the fibers of pi|LΣ are geodesics in (Z(M4), gλ). In
particular LΣ is a λ-ruled Lagrangian submanifold in the sense of [17].
Let Σ be a superminimal surface in (M4, g) and let NΣ ⊂ TM4 denote the
normal bundle of TΣ. Let u = (e1, e2, e3, e4) be an oriented orthonormal local
frame of M such that (e1, e2) is an oriented orthonormal basis of TΣ. Define a
submanifold LΣ of Z(M
4) as a bundle over Σ by
LΣ ∩ pi−1(x) := {J ∈ Zx(M4) : J(TxΣ) = NxΣ}.
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J0
S1x = {Jθ}θ∈S1
−J0
Figure 1. Complex structures of TxM
4 at a point x ∈ Σ.
Note that pi|LΣ : LΣ → Σ is a circle bundle and the fibers can in terms of the frame
be expressed as the complex structures determined by
Jθ(e1) = cos(θ)e3 + sin(θ)e4, Jθ(e2) = sin(θ)e3 − cos(θ)e4, (4.1)
for θ ∈ S1. Just as we did with J0 we will also denote the complex structure on R4
corresponding to Jθ in the frame u by Jθ. These complex structures at a tangent
space TxM
4 for x ∈ Σ can be depicted as in Figure 1. The complex structures Jθ
form the equator of the fiber pi−1(x) with respect to the poles {J0,−J0}.
Remark 4.1. The important property of the equator S1x = {Jθ}θ∈S1 of complex
structures is that the subalgebra which preserves this equator is exactly the stabi-
lizer algebra of J0, i.e. u(2) ⊂ so(4).
Proof of Theorem A. Suppose Σ is a superminimal surface. Fix an oriented or-
thonormal local frame u = (e1, e2, e3, e4) of TM
4 such that (e1, e2) is an oriented
basis of TΣ. First we show that the tangent space of LΣ is compatible with the
splitting of Z(M4) into the vertical and horizontal subbundles. A point of LΣ is in
the frame u expressed as Jθ for some θ. Note that tangent space of LΣ which is con-
tained in the vertical subbundle of TZ(M4) is equal to TJθS
1
x, where pi(Jθ) = x ∈ Σ.
Let Fθ : Σ → LΣ ⊂ Z(M4) be the local lift given by Fθ(y) = [u(y), Jθ]. By
Lemma 3.4 we know that parallel translation in Z(M4) along a curve in Σ pre-
serves J0. Thus by Remark 4.1 it also preserves the subbundle LΣ ⊂ Z(M4). From
this we obtain that the vertical component of dFθ(x) is contained in TJθS
1
x. Clearly
im(dFθ(x)) ⊕ TJθS1x = TJθLΣ holds. Consequently, the tangent space of LΣ at Jθ
splits into a vertical and a horizontal subspace, i.e.
TJθLΣ = T
v
Jθ
LΣ ⊕ ThJθLΣ.
Let X ∈ TJθLΣ and write it as X = Xv +Xh, with Xv ∈ T vJθLΣ and Xh ∈ ThJθLΣ
and similarly for Y ∈ TJθLΣ. We have
gλ(J
±(X), Y ) = ±gλ(JCP 1(Xv), Y v) + gλ(Jθ(Xh), Y h) = 0,
where JCP 1(X
v) is perpendicular to Y v because Xv and Y v are linearly depen-
dent and Jθ(X
h) is perpendicular to Y h because Jθ maps TΣ to NΣ. Thus
J±(TLΣ) is perpendicular to TLΣ with respect to the metric gλ. We conclude
that LΣ ⊂ (Z(M4), gλ, J±) is a Lagrangian submanifold with respect to all the
almost Hermitian structures.
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Conversely, suppose we are given a submanifold L ⊂ Z(M4) which is Lagrangian
for both J+ and J−. Let ω± be the almost symplectic forms defined in (2.4).
Let ω± = ωv± + ω
h
± be the decomposition into their vertical and horizontal parts.
The vertical and horizontal parts of ω± satisfy ωv+ = −ωv− and ωh+ = ωh−. Thus
both 2-forms ωv+ and ω
h
+ vanish on L. The projection of TIL on the horizontal
distribution ThI Z(M
4) is a Lagrangian subspace for every I ∈ L with respect to
the restricted almost Hermitian structure, because ωh+ vanish on L. Thus this
projection necessarily has a non-trivial kernel. The projection of TIL onto the
vertical distribution T vI Z(M
4) can be at most 1-dimensional, because ωv+ vanishes
on L. Consequently, the projection of TL onto the vertical distribution is equal to
its intersection with the vertical distribution and the splitting
TIL = T
v
I L⊕ ThI L
holds. In particular Σ := pi(L) ⊂ M4 is a 2-dimensional surface. As before we fix
some oriented orthonormal local frame u = (e1, e2, e3, e4) on M
4 such that (e1, e2)
is an oriented basis of TΣ. A complex structure in L is then of the form Jθ as
in (4.1) for some θ, because L is Lagrangian. A lift of pi|L : L → Σ is given by
Fθ = [u, Jθ] : Σ→ L. This implies (dFθ)v ∈ T vJθL = TJθS1x and thus by Remark 4.1
this implies that the holonomy group of ∇|Σ is contained in U(2) and thus by
Lemma 3.4 we obtain that Σ is superminimal. 
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